Chapter 2

Basics of electrodynamics

2.1 The Maxwell equations

The Maxwell equations are

V-E:p/EO (2.1)
V.B=0 (2.2)
0B
E=_ 2 2.
V x En (2.3)
OE
V xB=pugd + /1,0605 (2.4)

where all charges and currents are described by p and J. Alternatively, the
Maxwell equations in the "material form” are

V-D=p (2.5)

V-B=0 (2.6)
0B

D 2.

V x 5 (2.7)
oD

H: E— 2.

V x J+ 5 (2.8)

Here the source terms are external (”free”) charges p and external (”free”)
currents J (it is conventional to use the same symbols for them as in the
"vacuum equations”, although the interpretation is different). Charges and
currents associated with polarization and magnetization are hidden in the
fields D ja H, which are defined by

D=cE+P (2.9)
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B
H=—-M (2.10)
Ho

Here P is the polarization (density of electric dipole moment vectors) and
M is the magnetization (density of magnetic dipole moment vectors).

We need to know the constitutive relations D = D(E,B) and H =
H(E, B), because the fields B and E are the ones which we finally want to
determine. We will mostly deal with simple materials for which the following
relations hold:

D =E (2.11)
B

H=— (2.12)
o

We also assume that Ohm’s law is valid in its simple form
J=0E (2.13)

Here permittivity, permeability and conductivity are scalars. We allow a
spatial dependence with the limitation that the quantities are piecewise
constant. It is worth remembering that there are much more complex media
too, of which plasma or ferromagnetic materials are good examples.

The integral forms of the Maxwell equations are often useful:

jéE-ndszl/pdv (2.14)
S €0 JV
quuwzo (2.15)
S
d
fE.dlz——/B.nds (2.16)
c dt Js
7{B-dlzuo/J-ndS—i—uoeoi/E-ndS (2.17)
C S dt Js

Make yourself clear the meaning of C', S and V as well as the definitions of
positive directions of n and dl.

To finish the basic review, we remind about the conservation of charge,
from which the current continuity equation follows:

dp
J+ 2= 2.1
VIt =0 (2.18)

This is also obtained from the Maxwell equations. For a complete treatment
we need the law of electromagnetic forces (Lorentz force):

F =¢(E+v xB) (2.19)

where ¢ is the charge of a particle.
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2.2 Boundary conditions

In the case that there are discontinuities in electromagnetic parameters,
we need boundary conditions between two media. Let n be the normal unit
vector on a boundary pointing from material 1 to material 2. Then it follows
from the integral form of the Maxwell equations that

1. The normal component of D is discontinuous by the amount of a possible
surface charge:
n- (D2 — Dl) = O0g (220)

where o is the surface charge density (of charges which are not associated
with polarization).

2. The normal component of B is continuous:

1n- (B2 - Bl) =0 (221)

3. The tangential component of E is continuous:

n X (E2 — El) =0 (222)

4. The tangential component of H is discontinuous by the amount of a
possible surface current:

n X (H2 — Hl) =K (223)

The surface current density K is non-zero only on the surface of a perfect
conductor.

It is possible to formulate other boundary conditions too. For example,
0B/0t is continuous, because the tangential component of E is continuous.
It follows that with a harmonic time dependence the normal component of
B is continuous. So if the continuity of the tangential E is already used
the continuity of the normal B does not provide any new information in the
case of time-harmonic fields.

2.3 Potentials

2.3.1 Scalar and vector potentials

The homogeneous Maxwell equations 2.2-2.3 (or 2.6-2.7) imply that the
electric and magnetic fields can be expressed in terms of the scalar and
vector potentials ¢ and A:

B=VxA (2.24)
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0A

The rest two equations (in the ”vacuum” form) yield wave equations for the
scalar and vector potentials:

(V- A)

v+ AR e, (2.26)
1 82A 1 0y
2

These equations are coupled, so they are not comfortable. However, a pos-
sible way to simplify them is to apply the Lorenz gauge condition':

1 9¢
A 2.2
VA4 — 2o =0 (2.28)
Now the wave equations are decoupled:
1 92
2
<V - g@) ¢ = —ple (2.:29)
VQ—ia—Z A = —ppd (2.30)
c? Ot? = T/ )

The general solutions of the inhomogeneous wave equations are

1 p(r’,t’ By’ = /pr t—|r—r’|/c) 3.
t) = d 2.31
#lr;1) dmeg J |r—1/|  Ad7e lr — 1| v (231)

/ )
A(I‘,t) — @ J(I‘ 7t ) d3r1 _ & / J(I‘ 7t ‘I‘ r ’/C) d3r/ (232)

A ) |r —1/| 47 Ir —r/|
Solutions of the homogeneous equations (no source terms) may have to be
added to them too. Here

t'=t—|r—1'|/c (2.33)

is the retarded time taking into account the finite speed of the electromag-
netic wave traveling from the source point r’ to the observation point r.

We assumed above that the material is like vacuum. It is straightforward
to show that in a uniform medium obeying Ohm’s law the wave equations
are

v? - L) = —p/ (2.34)
Heop ~Ho%g¢ |0 = ~PI€ '

v? - 63—2— 2)a - (2.35)
Heorr — 1oy - h '

!This is really the Lorenz gauge, not the Lorentz gauge. See Jackson, J.D. and L.B.
Okun, Historical roots of gauge invariance, Rev. Mod. Phys., 73, 663-680, 2001.
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where € is permittivity, p permeability and o conductivity. Here J denotes
other than Ohmic currents. The Lorenz gauge takes now a generalised form:

0
V-A—i—/w(p—i-,uea—f =0 (2.36)
An important special case is the harmonic time-dependence (e~%!)
when the wave equations are

(V2 4+ w?pe + iwpo)p(r,w) = (V2 + k2 p(r,w) = —p(r,w)/e (2.37)
(V2 + w?pe 4+ iwpo)A(r,w) = (V2 + ) A(r,w) = —pJ(r,w) (2.38)

Then potentials can be calculated from the integrals

1 p(rlv w) ik|lr—r'| ;3.
= — d 2.39
J(r' , /
Ar,w) = to [JIG,w) ekl =’l g3y (2.40)

Cdn ) r—1|

The phase of the wave number

k= \/w?ue + iwpo (2.41)

is defined so that (draw a figure!)

0<arglk)<7w/4 , w>0
3rfd<arglk)<wm , w<O0 (2.42)

This convention guarantees the physical requirement that the integrals con-
verge. It is a useful exercise to consider the phase convention in the case of a
harmonic time-dependence e ™. A lot of care is needed when dealing with
these integrals, because they often lead to integration in the complex plane
where phases must be thoroughly treated. When using integral tables, such
restrictions must be carefully checked.

2.3.2 Hertz vectors

The scalar and vector potential ¢ and A are not the only possibility to
express the fields in terms of potentials. We will now present another rep-
resentation, which is particularly convenient in some applications.

Assume first that the space is uniform and non-conducting, and that
there are external charge and current distributions p(r,¢) and J(r,t). Define
a vector p = p(r,t) so that

= _v . p
op
= 5 (2.43)
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These definitions are consistent with the equation of continuity, so the vector
p evidently exists. It follows immediately that the wave equations of the
familiar scalar and vector potentials take the form

9? 1
V- pe==)p = -V-
( Hem )P -V-p
0? Op
V2 - pe=5)A = —p— 2.44
(V2= pezs) P (2.44)
Next define the electric Hertz vector I so that
o = =V.-1I
o011
A = — 2.45
pe— (2.45)
Note that this is consistent with the Lorenz gauge condition. It follows that
(V2 e I = Ibrvxc (2.46)
Heop/™ = 7P '

where the vector C = C(r) depends only on spatial coordinates. Writing
C = V2G(r) and defining II' = II — V x G we see that both IT and IT’
satisfy the same equations. Consequently, it is possible to choose C = 0. It
follows that the fields can be expressed as

1
E = VX(VXH)—EP

B = ,LLGVX%—I;I (2.47)

An exercise is to derive the corresponding results in the case of a uni-
formly conducting medium:

- —V.p
J = g—It)Jr%p
(Vz—ueg—;—uff%)ﬂ = —%p
E = Vx(VxH)—%p
B = ,LLVX(E%—I;I—{—O'H) (2.48)

If the charge density is zero then the current density is divergence-free:
V -J = 0. So it is possible to find a vector a such that J = Vxa. The
Maxwell equations imply that

E = —-VxA*

*

ot

B = pa—Ve* — pue (2.49)
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where ¢* and A* are some scalar and vector functions (not related to the
normal scalar and vector potentials). Next we define the magnetic Hertz
vector II* so that

¢ = —pV- II
oIT*
= 2.50
Y (2.50)
Then the Hertz vector satisfies the wave equation
2 0’
(V —HG@)H = -« (2.51)
The fields are
oIT*
E = —uVv
MY X "o
B = uV x(VxII) (2.52)

Note the similarity to the presentation with the electric Hertz vector with
basically changing the roles of B and E.

2.3.3 Energy of the electromagnetic field

The conservation of the energy of a combined system of charged particles
and electromagnetic fields is expressed by Poynting’s theorem

+V-S=-J-E (2.53)
where Poynting’s vector is defined by
S=ExH (2.54)

The conventional interpretation is that the energy density of the electro-
magnetic field is

1 1
uem:wE+wM:§D-E+§B-H (2.55)

The integral form of the conservation law is

d
_(Wmech + Wem) = - S-dA (256)
dt v
where Wi,een is the mechanic energy of charged particles and Wy, is the
energy of the electromagnetic field. An exercise is to show that Poynting’s

theorem for time-harmonic (e~™*) fields is

1
§/J*-Ed3r+2iw/(wE—wM)d?’r:—?{S-dA (2.57)
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where the asterisk denotes the complex conjugate and Poynting’s vector and
energy densities are now defined by

1
S = -ExH*
2
1
wp = JE-D* (2.58)
1 *
Wy = -B'H
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