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Task: Describe plasma theory in 2 hours

Impossible? No!

Compare with general relativity

Gop=8nT,p and that's it!

But if you want to describe the dynamics of two colliding rotating black holes,
well, that is another matter.

One can claim that all plasma physics is described by Boltzmann’s equation
af af  q . adf af
— ro— 4+ = (E rx B) — = | —
ot TV o T TV By =% ),

With this only you do not get far to solve any relevant plasma physics problems




What does Boltzmann’s equation tell about plasma physics?

()f +\f'ﬂ+i(E+\fxB)' df = (d_f>

ot ar  m 7 ov ot
distribution function: role of EM forces: collisions can break
plasma physics is plasma physics is the conservation of
statistical physics electrodynamics phase space density

How to define the plasma state?

Plasmais quasi-neutral ionized gas
containing enough free charges to make
collective electromagnetic effects
important for its physical behaviour.

The most fundamental plasma properties are
* Debye screening

* plasma oscillations

» gyro motion of plasma particles

L ® o Debye screening

® © ® © Coulomb potential of each charge: = —

diregr

@ @ @ Assume thermal equilibrium (Boltzmann distribution)

o () = mgaexp _ 4ap o labels the particle
@ @ a 0a©2 kpT, populations (e.g., e, p)

Introduce a test charge ¢;. What will be its potential?

i ] ' _ 1 noaq>
Homeexercise: o= L cxp (- ) 2 1 Dedlls
7 T TP ’ Ap €0 Zc.: kpTa
T Number of particles . 4mx 4
Debye length: - . N = o)
Ap n in a Debye sphere: 3 07D
Alittle better(?) definition for plasma
1 . . Plasmaparameter: | A = ngA3, > 1
L < Lis the size P n0AD >

¥no of the system




Plasma oscillation

Assume:  n,fixed ions (+) & n, moving electrons ()

Apply a small electric field E,

ny — ng
— electrons move: n_ = mng+ni(r.t) : ng < ng
o . In i .
Electron continuity equation: G V- (nu)=0

n=mng+ni(r.t) ;u :();n(.+ ui(r.7)  (uy=0 < electrons are assumed cold )

dn dny ny )
%‘F — +V - ((no+n)u) =0 = —+ngV -u1+V-(nyy)=0
0 5 L ot O‘;“/order

Linearized continuity equation (1st order terms only): d’T;l +noV-uy =01l
ot

ou

Force: F =gE = m,—% = —¢cE,; 52 2

ot ny npe
= ) - g =0

1stMaxwell: V -E{ = —enq/ey ot catlle

.2
. noe
wly = | plasma frequency

€M

Useful rules-of-thumb

2
b npe
Plasma frequency (angular frequency) wf, =0

€01,

Sfpe(Hz) = w}f ~9.0-vn(m=?)

T

Note the units !
(1eVx1.16-10*K)

Debye length (Ap(m) = 7, 4/T(eV) /n(cin—3)

Gyromotion in the magnetic field

F=ga(v=xB)=
‘QG‘B Wea fc‘c(HZ) 28 - B(nT)

e =TT e =y fop(llz) = 151072 B(nT)
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Plasma physics is difficult — but why?

Combination of statistical physics and electromagnetism
Large variety of scales, from electrons to ions to fluids

A great variety of plasma descriptions must be mastered
— single particle motion
— Vlasov theory (electrons and ions described by distribution functions)
— fluid descriptions (e.g., magnetohydrodynamics)
— various hybrids of these

Collisions or their absence

Electrodynamics: Maxwell’s equations

V-E = p/eo
V-B = 0 ¢ = 1/Jem = 299792458 m/s
oB €0 = 8,854-1012 As/Vimn,
Vxk = Ot po = dw- 107 Vs/Am,
1 9E
VxB = J+ -—
* pod + c2 Ot

Magnetic flux |® = f B -da| isimportantin macroscopic plasma physics
S

EM fields are empirically determined through the Lorentz force
_dp _
o4t

{
g(E+v x B) or F= %('}f”\") =g(E+v xB)
;

Because v -F=g(v-E+v.-vxB)=g(v- E)
AW d
dt — dt

Thus any "magnetic acceleration” is associated with an electric
field in the frame of reference where the acceleration is observed

only E performs work on charges (ymc?) =gBE - v




Ohm’s law

Ohm’s law relating the electric current and electric field

is similarto the other constitutive equations D=¢-E and B=;-H

The conductivity o, permittivity ¢ and permeability 4 depend on the
electric and magnetic properties of the media considered. They may be
scalars or tensors, and there does not need to be a local constitutive
relation at all, not even Ohm’s law!

Amedium is called linear if ¢, i, o are scalars and they are not functions
of time and space.

Note that also in linear media = ¢ (@ k), which is a very important
relationship in plasma physics!

Conservation of EM energy
Poynting’s theorem

The energy of electromagneticfield is given by

1 . 1 1
Wear = 5 /[E D+ H. -B)d* wg = EE D wpy = 5 H B

Strating from Maxwell’'s equations it is straightforward to get

V.S~ E.J-E oD/oi—H -0B/ot| Poynting’s theorem

where is the Poynting vector

Integrating over volume ¥ (and using Gauss'’s law for the divergence)

. o o
7/ J-Ed% = j{ S- da+/ —(wg +war) dr
Vv av v ot

work performed energy flux through change of
by the EM field the surface of V' energy in V




Example: Poynting’s theorem in fluid plasma (MHD)

0 [ B Jz . .
—jg ExH-da=— ,)—fz-3w-+f—fz‘3r-+fV'J><sz37-
av at Jy 2po v o v

EM energy flux change of plasma acceleration
into (out of) magnetic energy  heating in volume v
volume vV in volume v in volume v

Single-particle motion:
Guiding centre approximation

Equation of motion of charged particles is

dp (assume, for the time being, nonrelativistic

— =q(E 4 B Fnon.— f .
dt A+ V> B)+ BM motion; y=1 and p = mv)

Consider the case | E =0 and B = const | (neglect the non-EM forces)

; > = cyclotron frequency
ey (v x B) fg%gg:s w, — 12| gyro frequency
dt o m Larmor frequency
. . . vy T | 2 5
The radius of the circleis 7o = — = ; v = m
lwe|  |g|B

(Larmor radius)
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The gyro period (cyclotron period, Larmortime)is: 7z = ﬁ
The pitch angle («) of the helical path is defined by B
tanc = v [v)

ey Fodd — e i fan)
a = arcsin(v] /v) = arccos(v) /v) a <




The frame of reference where v, =0 : Guiding centre system (GCS)

Decomposition of the motion to the motion of the guiding centre and
to the gyro motionis called the guiding centre approximation

In the GCS the charge causes an electric current: I=¢q/ 7,
The magnetic moment associated to the circularloop is

lq?-r%B 1 mz'i W

72 il
'u_IML_Z m 2 B B

. 1
or, in the vector form | = 54 rp X V)|

Clearly: u is always opposite to B (r; depends on the sign of g)

Thus plasma can be considered a diamagnetic medium:

E x B drift

Let E = const and B = const
The eq. of motionalong B is md) = ¢k
— constant acceleration parallel/antiparallel to B
— very rapid cancellation of large-scale E; in plasmal

. [ . 2
vy = ‘.‘"‘C.UU + i - Vr = 7“"‘(‘ Up
° m

. = - 2 EL
Uy = Wl Uy = —wg 'l.'y+F

Substitution ), = v, + £./B leads again to gyro motion but now
the GC drifts in the y-direction with speed E,/B

E x B )
In vector form: | vg = B +'(m

electron :

All charged particles drift to the
same direction LE and LB

The perpendicular components of the eq. of motion are

=

=®




Other non-magnetic drifts

. . L v / F
Write the perpendicular eq. of motionin the form '_‘hf = %(VJ_ = B) + T:L
C
Assume that F | gives rise to a drift v, and transform v = v’ +vp
v’ . > . F
avy — i(’vi =< B) + i(VD % B)+7J-
dt m m m
FJ_ % B
In GCS the last two terms mustsumto 0 = |[vp = Yo ()
q

This requires F/gB << c. If F> gcB , the GC approximation cannot be used!

Inserting F, = ¢gE into (*) we get the ExB-drift

— i separates
F, = mg gives the gravitational drift |v, = WiE x — charges
i 4 — current
. L . L . 1 dE |
Slow time variations in E — polarization drift |vp = — B
The corresponding polarization current is
) ne(m; +me) dE; nem; dB | carried
Jp = nee(vp; — vp) = 1T e ~
P =nee(Vp, — Vpe) 52 T T by ions!

Magnetic drifts

Assume static but inhomogeneous magnetic field. Guiding centre
approximation is useful if the spatial and temporal gradients of B
are small as compared to the gyro motion:

‘(’)B,f’(‘)f‘ < w.B ‘VBM_ < B/"I'L H |TB\|| < (w"-'f/'l‘H)B

Considering first the gradient of B only the force
on the guiding centre can be showntobe F = —;VB

vy _ _p

The parallel force gives acceleration along B at " B
. L Fl % B
From the equation VD = (_[T VB

we get the gradient drift velocity AVAVYAVA

ion

T
\quBQBx(VB)quBBx(TB)

=@

seston 0000000000000




The field-line curvature (centrifugal force) leads to curvature drift

7mttﬁ Ro < B mwﬁ

ves B2 R qB! Bx(B-V)B

curvature radius

If there are on local currents in plasma, i.g., VxB=0

2W
the curvature drift reducesto v = g« VB

qB3
and we can combine the gradient and curvature drifts
W, +2W, _ v 5 t|B & n||Re
Voo = qTB * VB = ¢BRe (1+cos"a)nxt are unit vectors

These are straightforward to modify

for relativistic motion by substitution R

Adiabatic invariants

Symmetry principles: periodic motion <> conserved quantity
symmetry <> conservation law

What if the motionis almost periodic?

Hamiltonian mechanics:

Let ¢ & p be canonical variables and the motion almost periodical =

I = jg-pth is constant, called adiabatic invariant

Example: Consider a charged particle in Larmor motion.
Assume that the B does not change much during within one circle.

The canonical coordinate is r; and the canonical momentum p = mv + qA
I = jipr drp = jémn Sdrp + gf(v % A)-dS charge!
S
2wy
= f mu dl + g [ B -dS
0 S

i 7 | B2 277-:::}{ The magnetic moment is
= TMuU, T — Ty = . . . .
L lq] an adiabatic invariant




Magnetic mirror

In guiding centre approximation both  and u are conserved.

If B increases slowly, /7, increases slowly, thus 7, decreases.
Whathappens when #, —0?

mv? sin® a

5B As pand v? are conserved, « and B are related through

G2
S17 vy _ Bl _ mlrrorpomt

=

%iugrl'g - B

When o — 7/2, the force F = -V B
on the GC turns the charge back
(mirror force) and the mirror field B,

for a charge that at B, has
the pitch-angle a is given by  sin” ag = Bo/ B,

Also parallel electric field and/or If the non-magnetic forces can
gravitation may need to be considered be derived from a potential U(s),

dv| du)
m—t = qE| +mg — V| B me = [L s)+ pB(s))

Magnetic bottle

A simple magnetic bottle consists of two mirrors facing each other.
A charged particle is trapped in the bottle if

B(] BO
arcsin < ap < 180 — arcsin Vi
B?ﬂ. BTH /]\
trapped
) . ) . particles
Otherwise it is said to be in the loss-cone N s cone
and escape at the end of the bottle v
Pe C\--/\/l— A
a0 A S
capped wadtiele b
repped et o Note that there are much

.

Mirror
point

more complicated trapping
schemes (e.g. tokamak)

Magnctic
g~ field linc

e \‘/X,f S

The dipole field of the Earth is
a large magnetic bottle
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In plasma physics u is called the first adiabatic invariant.

Consider the bounce period of a charge in a magnetic bottle

o, [‘C;“ ds 2 fS;’ ds
T = 2 = — — 7
smo Yl (\) U S sm (l - B(*‘)/me )1/‘2

1B /dt . . .
If e i’g{ < 1 then J = j{p”r'lh‘ is constant (second adabatic invariant)

This, of course requires that 7 > 71
If the perpendicular drift of the GC is nearly periodic
(e.g. in a dipole field), the magnetic flux through the GC orbit

D = j{A -dx is conserved. This is the third adiabatic invariant.

The adiabatic invariants can be used as coordinates in studies of the
evolution of the distribution function

f=flp J, @)

Betatron acceleration

Let T be the kinetic energy of the particle in a time-dependent B

Write the time derivative in a moving frameas d/dt = d/ot + w -V
In GCS: /
dB ob (

dToes B __ aB
a M T (7 WL VBt W)

In the reference frame of the observer (OFR)

dTorp dTees d /1 9 d /1 5
7 = I + E (E”“”H) + E (5""”“1)

Do a little algebra = betatron acceleration:

dlorr

B Two effects:
dt

» Field-aligned acceleration, if £ # 0.
/ * Drift betatron:
Particle drifts toward increasing B: By > B
Conservationof ;¢ =
I"VJ_Q - BQ

=— thus W s > W,
W, B 12 =~ Wi

B
" En qwW

Increasing B at the position
of GC: "gyro betatron”

11



Fermi acceleration of cosmic rays

Fermi proposed the drift betatron acceleration as
a mechanism to accelerate cosmic rays to very large
energies in 1949 in the following form:

Let the particle move in a mirror field configuration
where the mirror points move toward each other.
Assume that J is conserved.

Now ¢ ds decreases. To compensate this

v| and thus W} mustincrease.

Compare this to the acceleration of a tennis ball
hit by a racket!

The modern version of Fermi acceleration is called diffusive shock
acceleration where shock waves are responsible for the acceleration.
It does not conserve p and J.

Cosmic Rays Spectrum of galactic cosmic rays

galactic: > 100 MeV
solar: <1 Gev
Anomalous: around 10 MeV

Fluxes of Cosmic Rays

Flux [mEsrsGen) ™

10 ——rr —— T —— -
Knee
—_ - a . 2
S qprt =, i 1 particle per m* year
c Y ma
; & Solar Energetic Paorticles 10'2:
g 10 ‘#(quns\ent) i E .
W . "'~
§ 10°F Y 4 1o .""
. + L
n S F
\
Eop e + 1 et
_\g - ***\ L
- Anomalous O .
S 107 * A F Ankle
= ‘e i 16 ¥
~ \ Galactic C,0 L 1 particle per km2 year %
5 g0k t 5 8 - i
2 . L 4
Golactic C " 16 . *
10 1012 107 102!
1 10 100 1000 Energy (eV)

Energy {MeV/nuc)




Distribution function

v

2D G
B z phase space &v

i dx! <
Aplasma particle (i) is at time tin location r;(¢) and has velocity v,(z)

The distribution function f(r,v.t) gives the particle number density
in the (r,v) phase space element dxdydzdv.dv,dv, at time ¢

The units of /: volume™!' X (volume of velocity space)™! = s’m

Normalization: f f flr, v, )d*>rd*v = N «— total number of particles
ViJv

Average density: (n) = N/V ; density at locationr: n(r,t) = /f(‘r.v.f‘)de’v

2mkgT - 2kpT

3/2 "2
Example: Maxwellian distribution Flv) 7-;1 ( o ) exp ( e )
n o= {r

Examples of distribution functions

£) )
Maxwellian - ~\ oy . 3/2\ (v = Vo)?
N\ r=nr\smr) = AT
o 2> )
/ Y, \ Maxwellian in a frame of reference
! ‘ - = that moves with velocity V,
0 v 0 Y% v

v,

Anisotropic (pancake) distribution (v, || B)

£ - n m \*? | mvi ”“"ﬁ
(vi,v)) = 7111]”2 Inkn exp SkpTs kgl

Anisotropy can also be cigar-shaped
(elongated in the direction of B)

Drifting Maxwellian

# ) n ( m )3/? m(vy —voy)? ““'ﬁ
v ) = ——— | - exp | — - — -
N LA TLI“HL/Q 27wkp ! 2kpT | ZABT”
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Magnetic field-aligned beam (e.g., particles causing the aurora):

3/2 9 . 2
. N e m / muv m(v) — vy )
f("l‘*'H) =—% (_‘_ - ) exp | —57 1 ‘H' Il
TL]FH 2mkp 2kgT | ZABﬂ\

Loss-cone distribution in a magnetic bottle:

Kappa distribution ~ Maxwellian with high-energy tail

The tail follows a power law FIW) x (Wo/W)r

32 L |
fulW)=mn il Perl) () + " e
I 2rWo Ik —1/2) Wy

[fel = m~6s? -function energy at the peak
of the distribution

log (W) log (W)
energy

Observed particle distributions often resemble kappa distributions;
a signature that non-thermal acceleration has taken place somewhere

Vlasov and Boltzmann equations
equation(s) of motion for f

af af q
E—’_\ 'E+E(E+\ XB)'

af _
ov

0 Vlasov equation (VE)

Compare with the Boltzmann equation in statistical physics (BE)
af af F Jf__(gi)

ot TV e T av o ot

Boltzmannderived (& f/at). for strong short-range collisions

In plasmas most collisions are long-range small-angle collisions.

They are taken care by the average Lorentz force term

af of ¢ of af

En +v- r ;(E +vxB). av _ \ 8t |/ T~ large-angle collisions only
= e.g., charge vs. neutral

Ludwig Boltzmann

VE is often called collisionless Boltzmann equation

(M. Rosenbluth: actually a Bolzmann-less collision equation!)

14



Viasov theory

How to solve

I

N

\\\\\ .

<

Landau’s solution of VE

af af q af
EJF ‘5+;(E+VXB)»8V—0
a a0t Ja
Very hard task in a general case. J fao F fot
E = Ej+E;

VE is nonlinear, thus we linearize:
B = Byg+B;

Consider a homogeneous, field-free plasma E; = By = 0

in an electrostatic approximation: E; = —V¢g1; B1 = 0

. afa'l . &8?1 . afa[) -

=0
T ar My OT av

1 ]
where Vglpl = o g ﬂaqaffaldg-v
(a3

The linearized VE is now dg;‘l

Vlasov tried this at the end of the 1930s using Fourier transformation

* A fa0/Ov

— an integral of the form [ dv

pole along the integration path, what to do?

15



In 1945 Vlasov presented a solution of VE at the long wavelength limit (w = kv)
3
N A21 2,  Langmuirwave
Thus in finite temperature the plasma oscillation propagates as a wave

In 1946 Lev Landau found the way to handle the pole at v = w/k

He used the Fourier method in space but treated the problem
as an initial value problem and used Laplace transformin time.

The solutionfor Eis: £ = Fgexp[—i(w + iv)t] x exp(yt)
For Maxwellian f;, y <0 and the wave is damped: Landau damping

Lev Landau

For an interested student: the long wavelength solution is
1/ ) 3 5.9 . .
wr % wpe(1+3K°AD,) "/ = wpe(1+ 5K°AD,)  Langmuirwave

T Wpe 1 3
wi=—y 2 exp | — = Landau dampin
8 AL | “‘p( 22N, 2) PIng

For details, see any advanced plasma physics text book

More realistic configurations soon become manually intractable,
already for uniformly magnetized plasma the problem is to solve

K (w, k)| = 0

where

Klwk) = (1 3 “‘)I 3 i;t“

o M=—0o0

& SR . ~

a o NWen O fo
f / i'Ltlt'Ltlt'” (’I‘H Jao + ! (f ¢
) J v I - ]

o Sna h'” v1)
l\:”t'” + NWen — W

1NV Wean i nY||Wea o

.l.'i . by Ity kL 5/
- \ U | We ;
é‘na“ s v ) = 7“3 JTn JT:.! i ]:12 —U| VL. ]n ]n
’“'II*‘CO‘ 2 - 22
: g2 iy T Tﬂ vif- J:
Ey

Jj, =d. fvlff‘l(l‘l_'“J_/cha)'

n
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Perpendicular modes on dispersion surfaces

“electron modes” “ion modes”

i ion Bernstein
il modes

WA
- il |\|\‘,L‘WY T
LA

sk 1

|
| 1]

‘I'I‘J‘I‘J‘Tl =

electrostaticion
cyclotron modes
(nearly perp.)
fast MHD mode
(magnetosonic)

" electron Bernstein modes | ©*
O-mode k,p C o
upper hybrid mode ’ '

X-modes

lower hybrid mode

Parallel modes on dispersion surfaces

“electron modes” “ion modes”

R-mode_ L "l“f‘-"\'f""‘l‘r"\".,w
- 1!,

|
Il
e

=

Langmuir #%, 3
wave |

1 ;V‘
EM electron/“\,_/v
cyclotron waver s 2

k&

whistler mode cyclotron wave
Alfven wave
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Macroscopic theory: Velocity moments of f
f f d3u; f vf ddv; f vvf d3v
n(r,t) = [f(r. v.t)d* Density is the zeroth moment; [n]=m?
The first moment (a denotes different particle species):

To(rt)= fvfﬂ(r. v,t)d*v  Particleflux; [I']=m2s"!

[ via(r, v t)d*

T O Average velocity = flux/density, [/]=ms!
wlr, v, H)d v

Valr. t) =

| DO NOT EVER MIX UP V(r,$) and v(1) ! |

Jo(r,t) = ¢ola = ganaVa Electric current density, [/]=Cm?2s'=Am?2

Pressure and temperature

from the second velocity moments
Pressure tensor Palr,t) = maq [(v — V(v = V) falr, v, t)d%
|

dyadic product — tensor

If P.,=p.T where 7T isthe unittensor, we findthe scalar pressure

Poe = ”;“ /(v — V)2 falr, v, t)d*v = nakpT, introducing the temperature
. N e v P
Assume 'V =0: %A:BTa(nt‘) — (M M T o« (K.E.)

7\2} ffﬂ('r.\.f.fjcl%
Thus we can calculate a "temperature” also in non-Maxwellian plasmal!

Magnetic pressure
(i.e. magnetic energy density)

200> o nakeTs
==

thermal pressure / magnetic pressure

B? /2
3 <« 1 Bdominates over plasma

Plasma beta I 3> 1 plasmadominates over B

31 velocity moment — heat flux (temperature x velocity), etc. to higher orders...

18



Macroscopic plasma description

Macroscopic plasma theories are fluid theories at different levels

+ single fluid (magnetohydrodynamics MHD)

» two-fluid (multifluid, separate equations for electron and ion fluids)
» hybrid (fluid electrons with (quasi)particle ions)

Macroscopic equations can be obtained by taking velocity moments of
Boltzmann/ Vlasov equations

Ofa Ofa o O fa 3 I fa 3
" . = . ] = I°v
]v ( Uf‘}%l@(?x B) v d’t ot o [

order n ordern + 1

Taking the n" moment of BE/VE introduces terms of order n +1 !
This leads to an open chain of equations that must be terminated
by applying some form of physical intution.

Note that the collision integrals can be very tricky!

We start from the Boltzmann equation
) ‘\- ) ‘a [aY ) a J ‘n
Oa . 0o | 4 (E+v xB)<(f = (d‘f )

at ar Me av ot

and calculate its zeroth velocity moment.

In absence of ionizing or recombining collisions,
the collision integral is zero,
and the result is the continuity equation

Mg
at

+v . (]IL\VL\") =0

Multiplying by mass or charge we get the continuity egs for these

0!'7710 N t)n”qﬂ
at +V ({’mn ) Ot +V o
General form of conservation law for F: | oF _
(G is the flux of F) StV G=0

To calculate the first moment, multiply BE by momentum v and integrate
oV, i p
= '“a'”’ﬂ? + 1nama Vo - VVy — naga (E +V, x BJ +V-P,

. . Ofu 3 ,
Equation for momentum transport, - m“[‘ (7)6 a
actually equation of motion!
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IV
-raama((.T“ +naMmaVa VVa —140G.(E+ Vo x B)+V - P,

af., :
:-mafv (%)C 4o

Now the convective derivativeof V. vV, - V'V,
and the pressure tensor 7, are second moments

The electric and magneticfields  v.E = 3 Hoba | Pert
must fulfill Maxwell’s equations w0 0
\ 1 oE
(pest. Jece) are external sources v « B — 5t ,LUZ N Va + 10T et

Note that the collision integral can be non-zero, because collisions transfer
momentum between different particle species!

Calculate the second moment (multiply by vv, and integrate; rather tedious)
— heat transfer equation (conservation of energy)

Now the heat flux is of thrid order. To close the chain some equation relating the
variables must be introduced.

Equations of MHD

Sum over all particle species

A .
—_ /- V) = 0
Ot +V (PmV)
Pm (% V. v) V4+Vp—JIxB = 0 (isotropic pressure assumed)
at
E+VxB = J/o
p = po (l) " (or energy equation)
10
Relevant Maxwell’'s VxE — ,E
equations; displacement ot
current neglected VxB = puoJ (= V-I=0)

In space plasmas the conductivity
often is very large: ideal MHD E+V x B =0

However, sometimes other terms than the resistive start to play a role
(e.g., in magnetic reconnection) and a more general Ohm’s law is needed
me OJ

J 1 1
E+V><B:—+fJ><Bf—V.’P€+72r
o ne ne* Ot

ne
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Convection and diffusion of B

Take curl of the MHD Ohm’slaw E + V x B = J /o and apply Faraday’s law

5
E:Vx(‘VxB—J;‘a)

at
VxB= ,!L|j|-]
Thereafter use Ampere’s law and the divergence of B

to get the induction equation for the magnetic field V-B=0
9B T 1 2 (Note that o has been
at VX (VxB)+ ﬁ?v B assumed constant here)

Assume that plasma does not move (V = 0)

= diffusion equation: % - D, V’B diffusion coefficient: D,,, = (ypo) !
ot

If the resistivity is finite, the magnetic field diffuses into the plasma to remove
local magnetic inhomogeneities, e.g., curves in the field, etc.

Let L, the characteristic scale of magnetic inhomogeneities. The solution is

B = Byexp(+t/r;) where the characteristic diffusion time is

In case of & — oc the diffusion becomes very slow
and the evolution of B is completely determined

P
\ /
by the plasma flow (field is frozen-in to the plasma) ;/C \
oL\ /(/ \!
“= =V x (VxB)| convection equation \ \\ é
ot \ - //// |
Let the characteristic spatial and temporal scales be
V — Lyt & a/at — +—' and the diffusiontime 74 = poolh
The order of magnitude estimates for the terms of the induction equation are
B_vB B
T  Lg Td

The measure of the relative strengths of convection and diffusion is the
magnetic Reynolds number R, = ugoLgV = LgV/D

"

This is analogous to the Reynolds number in hydrodynamics r» = LV/»

In fully ionized plasmas R,, is often very large. E.g. in the solar wind viscosity
at 1 AU itis 10'9—10'. This means that during the 150 million km
travel from the Sun the field diffuses about 1 km! Very ideal MHD: E = -V x B
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Break-down of the frozen-in condition:
Magnetic reconnection

1 A0 DA

t<0
Large R, = yyo V L allows formation of thin current sheets,
e.g., solar atmosphere, magnetopause, tail current sheet

Change of magnetic
connection between
two ideal MHD domains

=

dayside "C“"TE“‘_'“‘ distant
reconnection j /“e“““l lme/ neutral line

Magnetic reconnection is a fundamental
energy release process in magnetized plasmas
but we skip the details on this lecture

Magnetohydrodynamic waves
Alfvén waves

MHD is a fluid theory and there are similar wave modes as in ordinary fluid
theory (hydrodynamics). In hydrodynamics the restoring forces for perturbations
are the pressure gradient and gravity. Also in MHD the pressure force leads to
acoustic fluctuations, whereas Ampére’s force (JxB) leads to an entirely new
class of wave modes, called Alfvén (or MHD) waves.

As the displacement current -—29E/at is neglected in MHD, there are no
electromagnetic waves of classical electrodynamics. Of course EM waves can
propagate through MHD plasma (e.g. light, radio waves, etc.) and even
interact with the plasma particles, but that is beyond the MHD approximation.
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Dispersion equation for ideal MHD waves

(r)lr)?ﬂ.

. 7 (pmV) = 0
o YV (pmV)
av , \ o
Pm g +pm(V- V)V = —Vp+JIxB eliminate J
Ve = vVpm eliminate Vp
VxB = uod
JB
VxE = ~ar
E<V B — 0. D eliminate E
= IV . . )
’%%?+mﬁﬁvW'= —~ 02V pm + (V % B) x B/ug
oB
/ VxB) = —.
V x (V xB) Bt

We are left with 7 scalar equations for 7 unknowns (p,,, V, B)

o " " B(r.t) = Bg+ Bj(r.#)
V(rf-) = Vl(I'A f') .
a Ol 3
= l{)f +omo(V Vi) = 0 (%)
av . . v
f’mDTfl + Ilgvf)nzl + BO X (v X Bl)fftuﬂ =0 (**)
7
C{)]il —Vx(VixBo) = 0 (#)

Find an equation for V,. Start by taking the time derivative of (**)

2V, (dpm)  Bo OB
T A0 K "v I - V - = []
P05 s ST T T

B -
Insert (*) and (*#+) and introduce the Alfvén velocity as a vector [va = °

vV HOPmO

I*Vy
art?
Look for plane wave solutions Vi(r,t) = Viexpli(k - r — wt)]

=

—2V(V Vi) +vax {Vx [V x (Vixva)]} =0

= V42 (k- Vi k— vy x {kx[kx (Vyxva)]l =0

Using A x (Bx C)=(A-C)B— (A -B)C afewtimeswe have
the dispersion equation for the waves in ideal MHD

—2 Vi + (0 4+ 03) (k- Vik
+(k - V,{)[(k VA Vi —(va-Vik— (k - VL)VA] =0
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Propagation perpendicular to the magneticfield: k | By
Now k-v4 =0 andthe dispersion equation reduces to
Vi 4+ 2+ 03 (k- Vk=0

= Vi=(l+d)k-Vk/e®  cearly k|| 'V,

And we have found the magnetosonicwave |w/k = y/v2 + v}

This mode has many names in the literature:
compressional Alfvén wave, fast Alfvén wave, fast MHD wave

Propagation parallel to the magnetic field: k || By

2
(204 AV (55 1) V2 vava =0
A

Two different solutions (modes)
HV,[|By|k = w/k=wv, thesoundwave
2)V1J_B0||k3 VL~VA:[]

= w/'k = VA

This mode is called Alfvén wave or shear Alfvén wave

Propagation at an arbitrary angle

k = Fk(e,sinf+ e.cosb)
Vi = wvae.
Vi = Viee, + Vige, + Vize.
k-vy = kuvagcost
k-V; = E(Vipsin€+ Vi, cosh)

ex

A V1 = -11‘4{/’12 )

Vi (—w? + I\:Qwi + k2 3 sin? 0) + V. (k2 u? sinf cos @)
Vig(—w? + 2 cos? 0)
L-"LL.(A%E sin# cos#) + Vlz(fwz -+ LﬂQi'f cos? 0)

Coeff. of 7}, = shear Alfvén wave

From the determinant of the remaining equations:

Dispersion
equation =

w2 9. 1 o . .
()" = 202080 % 2624087 — 020 cos? o2

b | =

Fast (+) and slow (=) Alfvén/MHD waves
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Some remarks

+ Collective effects of free charges determine the behavior of the plasma as

an electromag

netic medium

» Plasma physics also relies on tools of statistical physics
* Plasmabehaves nonlinearly
— Vlasov equation is nonlinear, magnetohydrostatic equilibrium is nonlinear, etc.

— linearizations are often useful, e.g., to find the normal modes of plasma
oscillations, but the observable plasma oscillations are either damped or grow to

nonlinear level leading to instabilities

» Plasmais often turbulent
— plasma turbulence is an even more complicated issue than ordinary fluid

turbulence

» Plasma systems often exhibit chaotic behavior

— concepts of chaos, such as self-organized criticality, intermittence,
renormalization groups, etc., are important in theoretical plasma physics.

25



