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@ Where do we need incompressible MHD?
@ Theory of HD&MHD

@ Turbulence

@ Numerical methods for HD

@ Numerical methods for MHD
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Closest available space plasma:
The solar wind

@ includes shocks
@ and density fluctuation

The large scale evolution seems to
be compressible. ..
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Interstellar medium
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So is this incompressible MHD?
@ Wave damping suggests that for large k only Alfvén waves survive
@ Density fluctuations suggest there is compressible turbulence
@ Two solutions:
@ Alfvén turbulence with enslaved density fluctuations
@ Not waves but shocks govern the ISM
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Force on a volume element of fluid

F = _%p df (1)
Divergence theorem
F=— / Vp dVv 2
Newton’s law for one volume element
du
=~ _—_ F
m o (3)
Using density instead of total mass
du
P i dv = —/Vpdv (4)
du
Pg = VP ()

= Lagrange picture
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Changing to material derivative

ou

du ou
= == 2
= o1 + (uV)u (2)
Euler’'s equation
ou 1
N + (uV)u = —;Vp (3)

Here the velocity is a function of space and time
u=u(rt (4)
This can now be applied to the momentum transport equation

0wy — 24, 9
&(PU/) = Pt +U/at (5)
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Euler Equation

Partial derivative of u is known from Euler

ot
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E”w"d‘é?'éﬁ'l{? Continuity equation p~et] ()

%/pdv - —%pudv (7)
/<g’;+v.(pu)> av = 0 (8)
%+V'(pu) =0 9)

For incompressible fluids (p=const)

V-u=0 (10)
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Mk = Poik + pUilk — Tk (11)

cik = shear stress
For Newtonian fluids this depends on derivatives of the velocity

ou; Auk 8U/
DX + b@x, 6 /5 (12)

Ok = a

Coefficients have to fulfill
@ no viscosity in uniform fluids(u=const)
@ no viscosity in uniform rotating floew
It follows a= b

oui  Oux 2. ou ou
Ojk =1 (3Xk + X 35/k a)(/) + Coik o) ( 3)
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Viscid fluid

Stress tensor for incompressible fluids
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And we find the Navier-Stokes-equation :

ou

5 + (uV)u+ Vp=vAu

v= % = Viscosity
Pressure

Ap=—(uV)u+vAu
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Using V- u = 0 one can take the curl of the Navier-Stokes-equation ,
resulting in a PDE for w = Vx u

0

E(qu)—Vx(ux(qu)) = —vVx(Vx(Vxu) (16)
:>88—L: = (wV)U+rvAw (17)

w is quasi-scalar for 2d-velocities
We need the stream function V¥ to derive velocities

w = Vxu (18)
u = Vxw (19)
AV = —w (20)
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Compressible MHD

dp
E-i-v-(pV) =0
ov 1
,OE—Fp(V-V)V = —Vp—EBxVxB
% = Vx(vxB)

Different wave modes are solutions to the MHD equations
@ Alfvén modes (incompressible, aligned to the magnetic field)

@ Fast magnetosonic (compressible)
@ slow magnetosonic (compressible)
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Incompressible MHD

V-v = 0
ov 1
pa—t+p(V-V)V = —Vp—EBxVxB
9B = Vx(vxB)

ot

v,
Solutions

Different wave modes are solutions to the MHD equations
@ Alfvén modes (incompressible, aligned to the magnetic field)
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Elsasser variables

w- = Vv+b—wve,
wt = v-—b+ ve,
=v = At
a 2
—wT+w —2v4e
=b = > ATz

Different wave modes are solutions to the MHD equations
@ Alfvén modes (incompressible, aligned to the magnetic field)
@ w correspond to forward/backward moving waves
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@ Kolmogorov assumes energy transport which is scale invariant
@ Time-scale depends on eddy-turnover times
@ Detailed analysis of the units reveals 5/3-law

Simplified picture — but enough to illustrate what we are doing next
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@ Kolmogorov assumes energy transport which is scale invariant
@ Time-scale depends on eddy-turnover times
@ Detailed analysis of the units reveals 5/3-law

Simplified picture — but enough to illustrate what we are doing next

Dimensional Argument

5/3-law can be derived by assuming scale independent energy transport
and dimensional arguments.
This gives a unique solution.
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@ General idea: Turbulence is governed by Alfvén waves
@ Collision of Alfvén waves is mechanism of choice
@ Eddy-turnover time is then replaced by Alfvén time scale
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@ Energy E = [(V? + B?)dx is conserved

@ Cascading to smaller energies

@ Dimensional arguments cannot be used to derive 1), = A/ v,
@ Dimensionless factor v, /v4 can enter
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Wave-packet interaction

— Vi

Figure: Packets interact, energy is conserved, shape is not
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Packet interaction

Amplitudes dw; o dw; o §vy ox by
during one collision
AV, o (5VE/N)(N/Va)
Number of collision required to change wave
packet
N ((5V)\/A5V)\)2 X (VA/5V)\)2
TIK X N)\/VA X )\/(5V)\(VA/5V)\)

Ei = 6Vik? o k=3/2

Felix Spanier (Uni Wiirzburg) Simulation methods in astrophysics 11/20



Julius-Maximilians-

I Worzsore  Goldreich-Sridhar L] ()

@ 3/2 spectrum not that often observe
@ Let’s get a new theory

@ We come back to Kraichnan-Iroshnikov: Alfvén waves govern the
spectrum

@ Turbulent energy is transported through multi-wave interaction

@ Goldreich and Sridhar made up a number of articles dealing with this
problem

@ They distinguish between strong and weak turbulence
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Weak Turbulence

What is weak turbulence?

Weak turbulence describes systems, where waves propagate if one
neglects non-linearities. If one includes non-linearities wave amplitude will
change slowly over many wave periods.

The non-linearity is derived pertubatevily from the interaction of several
waves
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Weak Turbulence

@ Goldreich-Sridhar claim that Kraichnan-lroshnikov can be seen as
three-wave interaction of Alfvén waves

@ They also believe, this is a forbidden process, since resonance
condition reads

kz1+k22 - kz
|kz1‘+‘k22| ‘kz‘

@ 4-wave coupling is now their choice!
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Weak Turbulence
ki+ ks = ks+ky
w1 tw2 = w3+t wa
= k1z + k22 = kSz + k4z
k1z - k22 - k32 - k4z

Parallel component unaltered = 4-wave interaction just changes k, of
quasi-particles
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Weak Turbulence

vy d av
72/\ &(kj_vi) ~ kJ_V)\Tt)\ ~ kJ2_V§

since (v - V) ~ v,k for Alfvén waves

kivi\2 kvt
N(sz/\> :>N~<sz/\>

(5V)\

Vx

d Vi = /E(kz,kL)d?’k

constant rate of cascade —10/3
e E(kz ki) ~ e(k)vak '

This spectrum now hold, when the velocity change is small
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Strong Turbulence
Assume perturbation vy on scales A\ ~ k; ' and A ~ k|’

Kiva .
Cy~ Anisotropy parameter
kzVa
isotropi itationk | ~k,~L~" [ VA 4
— 4 1sotropic excitationK | ~Kz~ —4/3
N ~ ¢ o z <V> (k. L) /
L

Everything is fine as long as ¢, <« 1
GS assume frequency renormalization when this is not given
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Strong Turbulence

When energy is injected isotropically ¢, ~ 1 we have a critical balance
= Kyva ~ K vy

= Alfvén timescale and cascading time scale match

For the critical balance and scale-independent cascade we find

Ky ~ ki/3Lf1/3
Vi~ va(k L)13

va k,L1/3
= Btk k) ~ klO/SU/sf( P
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Figure: From Cho, Lazarian, Vishniac (2003)
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@ There is a number of turbulence models out there
@ It is not yet clear which is correct
@ All analytical turbulence models are incompressible

@ The only thing we know for sure is that there is power law in the
spectral energy distribution
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Methods for the Navier-Stokes-equation
Projection solve compressible equations, project on incompressible part
Vorticity use vector potential to always fulfill divergence-free condition
Spectral use Fourier space to do the same as above

Methods are presented for the Navier-Stokes-equation but also apply to

MHD
Spectral methods will be presented for Elsésser variables in detalil

Felix Spanier (Uni Wirzburg) Simulation methods in astrophysics 14/20



Julius-Maximilians-
Fakultat fur

UWNL:ngﬁll-{éT P roj eCt i 0 n m et h Od Physik und Astronomie (@

Different possible schemes
Here a scheme proposed by [1].

Step 1: Intermediate Solution

We are looking for a solution u*, which is not yet divergence free
*x N
y At" = ((uV)u)" 2 —vpr12 L yaun (21)
This requires some standard scheme to solve the Navier-Stokes-equation
(cf. Pekka’s talk)
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Step 2: Dissipation

Use Crank-Nicholson for stability in the dissipation step
vAu" — %VA (u"+ur) (21)
yields
ur = u"— At((uvV)u+Vp) (22)
(1 _ ”TNA> u = (1 + ’%"A) u (23)
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Step 3: Projection step

To project u* on the divergence-free part, an auxiliary field ¢ is calculated,
which fulfills

V-(u* —AtVg) = 0 (21)
V-u*

A = (22)

u™ = ur — AtV (23)

Here a Poisson equation has to be solved. This is the tricky part and is the
most time consuming.
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Step 4: Pressure gradient
Finally the pressure is updated. This can be calculated using the
divergence of the Navier-Stokes-equation

pn+1/2 n 1/2 ¢n+1 %NAd)n—H (21)
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Total scheme

u —u" ni1/2
At +Vp

Ath ¢n+1
un+1

Vpn+1/2

Felix Spanier (Uni Wirzburg)
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(- V)" 4 VW ) (21)

v-u
ut — Atv¢ﬂ+1

vprl—1/2 + V¢n+1

At
_ VTVVZ ¢n+1 (24)
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The natural formulation for divergence-free flows is the stream function
u=Vxw

Step 1: Calculate velocity

U= Vx " (25)
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Step 2: Solve the Navier-Stokes-equation

oiu=—(uvV)u+vAu (25)
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Step 3: Calculate Vorticity

Orw V x (atU) (25)
Wwhtl = Wt Aw (26)
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Step 4: Calculate Streamfunction
Solve Poisson equation

AptH — (25)

Problem: This would result in a mesh-drift instability. Use staggered grid!
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Complete scheme

U = Vxv (25)
Vg — \]ji7 [

(U)ijaje = %f (26)
g . Wi, 1

(Uirjoy = '+1/d—xf (27)

1/2 ((Ux)ig1,j+1/2 + (UX)ij+1/2g )
u. . = k ’ 28
i+1/2,j+1/2 ( 1/2 g(Uy)i+1/2,/'+1 + (Uy)it1/2,) (2)
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Basic idea: Use Fourier transform to transform PDE into ODE
Problem: This is complicated for the nonlinear terms.

Spectral Navier-Stokes-equation

L (G785) - vk®E, 29)
ki, =0

Quantities with a tilde are fouriertransformed.
What'’s so special about the red and green term?
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Start with the Navier-Stokes-equation

ou

Fakultat fur T
Physik und Astronomie

N +(WUuV)u+Vp=20 (29)
we can identify
ik,00pUs0, = (UV)U (30)
and taking the divergence of the Navier-Stokes-equation
Ap=V-(uVu (31)
so the second term is the gradient of the pressure
Koks\ ,——
k., e (ugty) = -Vp (32)
Simulation methods in astrophysics 17
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Step 1: Fouriertransform

Starting with &, the velocity has to be transformed into u,

Then u,ug can be calculated (only 6 tensor elements are needed)
This is transformed back to Fourier space u,ug
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Step 2: Anti-Aliasing

In the high wavenumber regime of u,, we will find flawed data.

Due to the fact, that not all data is correctly attributed for by the Fourier
transform, aliased data has to be removed

For |k| > 1/2Kmax set U,Uz(k) =0
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Step 3: Update velocity

0= 0~ Al (s~ 522 ) (@GT) - viE)  (29)
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Step 4: Projection

Project u?. on its divergence free part

un+1 _ u* _

k(k - u*)

k2

(29)
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Why to use Spectral Methods?

@ Easy to implement
@ Relies on fast FFT-algorithms @ high aliasing-loss

@ Easy to parallelize
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Fourier transforms are available in large numbers on the market
FFTW 2 ubiquitious library, allows parallel usage
FFTW 3 the improved version, no parallel support

Intel MKL includes DFT, much faster than FFTW, simple parallelized
version, limited to Intel-like systems

P3DFFT UC San Diego’s Fortran based FFT, highly parallelizable,
requires FFTW-3

Sandia FFT Sandia Lab’s C based FFT, highly parallelizable, requires
FFTW-2
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Usually a parallel fluid simulation requires exchange of field borders

between processors.
Spectral methods are slightly different:

@ The calculation of u,ug and the update step are completely local. They
have no derivatives and do not need neighboring points

@ Every non-local interaction is done in the FFT
So the only thing we have to do, is using local coordinates and a parallel
FFT
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Elsasser notation

i kyksk _ _
(0r — vakz) w, = 5% (WEW,Y +w; wj)
— ikgw, Wi — gkz’”’wa_
i Kokgk _ _
(0r + Vakz) W) = > kg u (WEWA{ + w Wj)

0 14
— ikswfwy — Ekz”wgf

The equations are treated similarly to the Navier-Stokes-equation .
Two major changes:

@ Two coupled equations
@ Magnetic field introduced via —vak; term
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